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Abstract 

Consider axisymmetric strong solutions of the incompressible Navier-Stokes equations in R'^ with 
non-trivial swirl. Let z denote the axis of symmetry and r measure the distance to the z-axis. Suppose 
the solution satisfies, for some < £ < 1, \v(x,t)\ < C^r'^+^lt]'"^' for -To < t < and < C, < oo 
allowed to be large. We prove that v is regular at time zero. 

1 Introduction 

The incompressible Navier-Stokes equations in cartesian coordinates are given by 

dtv + {v ■ V)w + Vp = Aw, div v = 0. (N-S) 

The velocity field is v{x, t) = (wi, W2, W3) : x [-Tq, 0) and p{x, t) -.R-^x [-To, 0) ^ R is the pressure. 

It is a long standing open question to determine if solutions with large smooth initial data of finite energy 
remain regular for all time. 

In this paper we consider the special class of solutions which are axisymmetric. This means, in cylindrical 
coordinates r,9,z with (xi, a;2, xs) = (r cos0,r sinO, z), that the solution is of the form 

v{x, t) = Vr{r, z, t)er + vg{r, z, t)eg + Vz{r, z, t)ez- (1.1) 

In this coordinate system r = ^Jx\+x^. The components Vr,vg,Vz do not depend upon and the basis 
vectors er,ee,ez are 

e.= (^,^,0), e,= (-^,^,o), e, = (0,0,1). 
\ r r / \ r r / 

The main result of our paper shows that axisymmetric solutions must blow up faster than the scale invariant 
rates which appears in Theorem 1.1 below. 

For R > define B{xo,R) C M"^ as the ball of radius R centered at xq. The parabolic cylinder is 
Q{Xo,R) = B{xo, R) X {to — R^,to) C R'^"'"^ centered at Xq = {xq, tg). If the center is the origin we use the 
abbreviations Bn = B{0, R) and Qr ~ (5(0, R). 
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Theorem 1.1 Let {v,p) be an axisymmetric strong solution of the Navier-Stokes equations (N-S) in D = 
R'^ X (— To,0) with initial datum v\t=-To = ^ H^^^ and rv^{r,z) € L°° . Suppose the pressure satisfies 
and V is pointwise bounded by one of the following inequalities: 

\vix,t)\<C,\t\-^^^, ix,t)eD. (1.2) 

There is an e e [0, 1] such that \v{x, t)\ < C^r''^+'\t\''/^ , {x, t) G D. (1.3) 

The constant C* < oo is allowed to be large. Then v G L°°{Bji x [— Tqi 0]) for any R > 0. 

We remark that the case e = is addressed in the appendix; our proof in that specific case was obtained 
after a preprint of [12] had appeared. The assumption (1.2) is a special case of (1.3) with e = 1; it is singled 
out for its importance. We also remark that the exponent 5/3 for the norm of p can be replaced, but it is 
the natural exponent occurring in the existence theory for weak solutions, see e.g. [1]. 

Recall the natural scaling of Navier-Stokes equations: If {v,p) is a solution to (N-S), then for any A > 
the following rescaled pair is also a solution: 

v^{x, t) = \v{\x, X^t), p^{x, t) = \^p{\x, \^t). (1.4) 

Suppose a solution v{x,t) of the Navier-Stokes equations blows up at Xq = (.To,to). Leray [8] proved that 
the blow up rate in time is at least 

\\v{;t)\\L^>eih-tr'/'. 

Theorem 1.1 in particular rules out singular axisymmetric solutions satisfying the similar bound with e large. 

The main idea of our proof is as follows. Wc shall first prove that either (1.2) or (1.3) with e > implies 
the following estimate: 

\v\<C,ir^-t)-'^'-+^'\t\-'r-^'. (1.5) 

This is the content of Section 2 and 3. Note that e in (1.5) differs from that in (1.3). 

If (1.5) is satisfied for e = 0, the regularity of v was proved in [3]. In Sections 4, 5 and 6, we extend the 
proof of [3] to include the case (1.5) for £ > 0. Instead of following De Giorgi and Moscr's methods [5, 10] used 
in [3], we now use Nash's idea [6,11] to prove the Holder regularity (Section 5). This simplifies some iteration 
arguments in [3], but we still use De Georgi-Moser's method in the local maximum estimate in Section 4. 
The estimates we obtained in Sections 4 and 5 requires assumptions weaker than (1.5). Very recently Koch- 
Nadirashvili-Seregin-Sverak [12] have sent us a manuscript that they have proved results similar to Theorem 
1.1 using a different approach based on Liouvillc theorems. 

2 The case \v\ < C\t\-^/^ 

Suppose wc have \v\ < C|t|~^/^. Our goal is to replace the singularity of t by singularity in r. Wc will derive 
this estimate from the equation for the 9 component of the vorticity (2.7), which involves a source term 
dzVg/r. Under the assumption \v\ < C|t|^^/^, we have Vg ~ 1^1""'^, singular in i as t — > 0. This t singularity 
can be weaken to \t\^^ after the time integration. Since the equation is scaling invariant, this improvement 
in the time singularity has to be offset by the space singularity. This will be achieved in some weak form 
in (2.15). Finally, we can transfer estimates on the vorticity to the velocity field and we thus obtain the 
estimate (1.5). 

Recall that we always have the bound \rve \ < C (see Proposition 1 in [2]). Hence for some Ci > 

\ve\<C,mm{r-\\t\-'^'), M + \v,\ < CM''^' ■ (2.1) 
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For p,q > 0, we will be using the notation 

MLlfAQn) ll^llL|i£(Qn) = Ml^LZ = ll^lli?:^ 

These are the usual L'^'P spaces integrated over space and time. The domain will be suppressed in our 
notation below when there is no risk of ambiguity. 
We will next consider the vorticity field lu = curlt;: 

uj{x,t) = ujrBr + Lueee + uj;,ez, (2.2) 

where 

LOr = -dzVg, UJ0 = d;sVr - drV^, LO^ = {Or + r~'^)v0. (2.3) 

We can deduce the following bounds for the 9 component of vorticity. 
Lemma 2.1 Suppose we have the pointwise bound 

K'(y,s)l<Cl|s|-l/^ (2.4) 

in Qii(x,t). Then for any 6 £ (0, 1) we can estimate oj by 

W^oWlH < Ci?3/4|t|-2/3 + C'i?'Vl2|i|-l/2, ll^gll^e,, < + Ci?^ ^24 1^ | -1/2 ^ (2.5) 

where the integration is over QsB.ix,t) and the constant C depends on Ci and S. 

Proof. We can rescale Lemma A. 2 of [3] to get, for a,q £ (1, oo) and c = c{S, q, a), 

W^vh.LUQs.) < 4f\\L?LUQn.)+cR-'+'^''\\v\\L?LiiQn)- 

Using / = ViVj and the assumption (2.4), the first integral on the right is bounded by 

\\v'\\L?LUQn) < (/^ kr"^^) ' = R"'\t\"''-\ 

The second term i?^'*+^/''||w||^c,^i(Q^) is bounded by 

^-1+3/9 |^^2|^|-a/2^1/" ^ ^_i+3/,+2/a|^|-l/2 ^ ^3/, |^| 1/a- 1 (^-2 |^| ) 1/2- 1/a ^ 



These show (2.5). q 
The following is our key lemma. 

Lemma 2.2 Suppose that the velocity v satisfies the bound (2.1) and ||u||^oc^i < Ci in Qi. There is 
S G (0, 1) such that, for any small e > there is a constant C2 > so that (recall r ~ (x'f + x"^)^^^) 

\vix,t)\<C2r-^+^'\t\-' mQs. (2.6) 
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Proof. Step 1. We first bound the second moment of LUg. Denote q = ujg. Its equation can be written 



as 



(2.7) 



r 

See for instance [3]. Above the vector 6 is a part of 

b = Vrer+Vzez, b ■ \/ = Vrdr + Vzdz- (2-8) 

Note that 

div6=:0, curlb = uj0e0. (2.9) 

The first equation for b is because b = v — vgeg, divw = and d\v{veeg) = r~^deve = 0. The second can 
be read from (2.2), (2.3) with vg replaced by 0. The term in (2.7) has a good sign and will drop out in 
our estimates below. For any xq fixed with vq > 0, let ^(x) be a smooth cutoff function at xq with radius 
R ~ ro/10. For any t, let x{x,s) = ^{x)ri{s) where ry(t) is a smooth cutoff function so that r]{t) — 1 and 
v{to) ~ with to ^ t — R"^ . Let B be the characteristic function of the ball centered at xq with radius R and 
(f>ix,s) = B{x)l{to <s<t). 

Muhiply (2.7) by x^Q and integrate in x {tQ,t). We get 



< 



to Jm.^ 



|V(X9)|^ 



X Vr 



- XX + xFdzixq) + xFqdzX 



(2.10) 



where x is the time derivative of x- The last term is bounded by 



xFqdzX < 



to JR^ 



q^\Vx? 



X'F\ 



The second term on the right hand side of equation (2.10) can be bounded by 



/* / xFdzixq) < f I 

J to J to JS.^ 



^ + i|V(x'Z)P 



Notice the support of x has a distance at least R from the z axis. From the assumption on vg, we have for 
any < e < 1 

\Fx\{x,s)<CR'^+'\st^/^--/\{x,s). 
Thus we have the integral bound for e > 

j^ds j \Fx\'^{x,s)dx<CR-^+^m\-''. 

Now we can derive the following bound from (2.10): 



/ \xq?{t)<^l 
Jm.^ Jt, 



to Jm? 



I&X- Vx| + |Vx| 



2 , X^W\ 



CR 



-l+2e| 



(2.11) 
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From the assumption (2.1), we also have for s < t 

\bx-Vx\<Cx\sr^'R-\ Ixl + iVxP < ^<Cx'\s\-'^'R-\ 

r 

Thus we can bound the integral on the right hand side of (2.11) to get 

/ \xq\Ht)< t ds f [s-'/'R-'+R-']q\s^ + R-'+''\t\-'. (2.12) 
We now assume \t\ < R^. Thus R^^ < \s\^^^^R^^ in suppt/) and by Lemma 2.1, 

ii#ii^3. < Ry^ir^^ 

This impUes that 

Therefore, from (2.12) we have 

/ \xq\\t)<R'\t\-^^'- (2.13) 

Let x,B,4> be the functions similar to X:B,(j) with R replaced by cR for some small constant c, say 
c = 1/100. Clearly, all previous results, in particular (2.12), remain true if we added tildes. We also have 

q\s)B <C f \xq\\s). 

We can now use this bound in (2.12) (the tilde version) and obtain 

\xq\'{t) < R\r\ (2.14) 



Notice that (2.14) is a better estimate than (2.13). We can repeat this procedure in finite steps to show 
that, under the assumption \t\ < R^ , 

I \xq?{t)<R~'+^H-'. (2.15) 
Assume now \t\ > Thus \s\-^/^R-^ < R-"^ in supp^ and by Lemma 2.1, 

We have 



Thus 



dsR~'^q^(j) < R-'^\\(f)\\^3.2\\q^,p\\ ^3/2.2 < R\t\-\ 

J \xq\Ht) < Rt-^ + R-^+^T' < R-^+^'\t\-', 



which is (2.15). 

Step 2. We now bound the fourth moment of q. Similar to the derivation of (2.10), we now have 



W\\t)+ f I |V(xg^)P 

B3 Jta 



< j^^ [bx ■ Vx + |VxP + |Ax| + ^ + \x\j + IxQFd^xq^)] + \q'Fxd,x\- 



From the Schwarz inequahty, we have 

xqFd^xq^) < \x\^F^ + i|V(xg')r 

q^'Fxd.x < R~\q* + XR^F\ 

From (2.1), we have 

^ ^ xR^F^ < II xR-'^^'s-'-' < R-'+^'\t\ 



From the bound on J x^q^ in (2.15) 

x^q^F"^ < R^^ 



t 



Therefore, we have 



/ \xqTit)< I I [s-'^^R-' + R-^]qU + R-'^^'\t\-'. (2.17) 

We now assume lil < i?^. Using the bound on j|cj6(||r8,s < CE?/^t^^/^ in (2.5), we have 

I W\^{i)<R^\t\-^'^ + R-''+'''\t\-'. (2.18) 
Now plug (2.18) into (2.17), we obtain a better result. Repeat this procedure as in Step 1 until we get 

^Jx9'l'(^)<i?~'+'1r^ (2.19) 

under the assumption \t\ < R^. For the other case \t\ > R^, Using Holder and the bound ||(jj£/||^6,8 < 
Ci?-'^/24^-i/2 (2.5) to estimate (2.17), we get 

/ \xq^\^{t) < R-'\t\-^ + R-''+^'\t\-' < R-^+^'\t\-', 

in one step. 

Step 3. We now prove the pointwise bound (2.6) for v. Since we have already good estimates for vg, it 
suffices to estimate b, which satisfies (2.8), (2.9) with ujg = q. Let (5 > be a small number so that (2.15) 
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and (2.19) are valid for {xo,t) <E Qss- Let J{x) be a smooth cut-ofF function for the ball of radius 46, with 
J{x) = 1 for |x| < 26. Define 

o^ix) ^ J J_ ^1 curl( Jgeg)(y) dy ^ J {^y ^^^^_ ^ {Jqee){y) dy. 
By the vector identity 

-A& = curlcurlb- Vdiv5, (2.20) 
the difference 6 — a is harmonic in the ball of radius 26 and hence 

\\b- a\\Lo-={Bs) < \\b - a\\L^B2s) < \H\L^B2s) + Ml^B2s)- 

The last term is bounded by order one since v is in L^L].. We now estimate a. 

For xq € B2S let R = erg with c sufficiently small and B{y) = l{\y — XQ\ < R). Omitting the t-dependence, 

l"IM< / ^^dy< I ^^,Biy)dy^ [ ^^(1 ^ Biy))dy. (2.21) 

Jr3 fo " yr Fo - yr Jr^ fo - yr 

From the Holder inequality and (2.19), the first term on the right hand side is bounded by 

/ j^^Biy)dy<R-'^^/^\tr^\ 
Jr3 Fo - yr 

From the Holder inequality and (2.15), we have the following variation of (2.15) for |.t| < 86 

/ \l{\x~y\<rj200)qiy,t)\dy<r-'+'\t\-^/\ (2.22) 



Muhiply by 

|xo - x\-'^ ■ l{\xo -x\> i?/40) • l(|x| < 

and integrate over x to have 



_3l(|.-.| <../200)|,(.)|l(|.o-_M^^^(,^, ^3,),^,^^ 



\xo - x\ 



2 



Fo x\ 



The left hand side is bounded below by 

./2[ 

\xo - x\^ 



-3 1(N -V\< r./200)|g(2/)|l(|xo - x\> fl/40) ^ ^, 

j 7^ 1(f| < Sdjdxdy 



>C f dxdyr;H{\x ~y\< r,/400)| Jg|(y)^^-^ >C f dy\Jq\{y) ^] . 

J ^ Fo-yr J Fo-2/r 

Above for the first inequality we have used that y is in a small neighborhood of x for the integrand to be 
nonzero, in particular Tx ~ Vy and |a;o — x\ ^ \xq — y\. We have thus proved that 

|xo - 2/1-2(1 - B{y))\Jq{y)\dy < CR-'+'\t\--^' . (2.23) 

Since all e > in the proofs are arbitrarily small, this proves the same bound for |a(a;o,i)|. It follows 
that ||a(i)llLi(B,4-) ^ Jb^^ ^x^~^^i~'^^^dx < Ct~^^^ and we get the pointwise bound for b in Qs- □ 
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3 The case \v\ < Cr-'^+'\t\-'/^ 

In this section, wc prove the estimate (1.5) from the assumption \v\ < Cr~^'^^\t\^'^^^ . Our main idea is the 
foUowing Theorem 3.1 which states that the space singularity can be replaced by the time singularity. 

Theorem 3.1 Suppose for some e E (0, 1/2) we have 

\v{x, -t)| < Cr-^+^r'^"^, (x, -t) e Qi. (3.1) 

Then for any S G (0, 1) and < a < 1/2, there is a constant C such that 

\v{x, -<)| < Cr-2"t-i/2+o^ _i) g (3,2) 

Proof. We shall need the following Lemma which exchanges the space singularity with the time singu- 
larity by replacing e with 2e. The idea of the proof is to view the Navier-Stokes equation as a linear equation 
with a source term v ■ Vw. Since this term is in the form w^, we naturally increase the time singularity 
to The spatial singularity will come out correctly due to the scaling invariance of the Navier-Stokes 

equation. This can be seen easily if we pretend that the kernel of the linear Stokes equation is a heat kernel. 
The general case only involves a minor technicality to deal with the divergence free condition. 

Lemma 3.2 Suppose (3.1) holds in Qi. Then for any t G (0, 1) there is a constant C such that 

\v{x, -t)\ < Cr-^+'^H-', [x, -t) e Qr. (3.3) 

Note that (3.1), (3.2) and (3.3) are all invariant under the natural scaling of (N-S). Assuming this 
Lemma, we now finish the proof of Theorem 3.1. 

Suppose that (3.1) holds for some e e (0, 1/2). Then from Lemma 3.2, we can increase e by a factor of 
two. In fact, (3.1) and (3.3) implies that 

\v{x, -t)\ < Cr-^+H-l''^ (x, -t) e Qr, (3.4) 

for all £ < /? < 2e. Iterating this procedure, we obtained that (3.2) holds for < a < (1 — e)/2. It remains 
to show that (1 — e)/2 can be replaced with 1/2. 

We have shown that (3.2) holds for small a. Notice that for small a condition (3.2) is very close to the 
assumption (1.2) (which is the case a = 0). One can easily check that all arguments in Section 2 remain 
valid if the assumption (1.2) is replaced by (3.2) if a is sufhciently small. Then the conclusion of Lemma 
2.2 holds in this case. So that we are able to conclude that (3.1) holds for arbitrarily small e. Iterating this 
procedure proves that (3.2) holds for < a < 1/2. q 

To prove the lemma, we write the Navier-Stokes equations (N-S) as a Stokes system with force 

dtVi - + dip = djfi-j , fij = -ihVj. 

Recall key steps in [3]: v = u -\- ii where v is defined as follows: Let P be the Helmholtz projection in , 
i.e., (Pg), = .g., - RiRkM- Let C,{x,t) e C°°(M^), C > 0, C = 1 on Qi+r and C = on x (-oo,0] - Qi. 
Notice that we cutoff at order one. For a fixed i, define 

v^{x,t)^ j r{x~y,t- s)dj{Fij){y,s)dyds, 
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where F is the heat kernel and Fij = fijQ — RiRkifkjO- 

With this choice oi v, u satisfies the homogeneous Stokes system in Q i+r and the following bounds: 

W^AhlLUQr) < 4AliLI(Q^) < c\ML|Li{Q^) + cM^Ll{Q^), (3.5) 

provided that I < s, q < oo. One can check that the proof in [3] gives (3.5) for s = oo. The requirement 
s < oo is for the estimates of v. 



Lemma 3.3 Under the assumption (3.1), we have 



\i>{xo,-t)\ < Cr-^+^H-', {xo,t) eW'x (0,1). 



(3.6) 



Proof. Denote R ^ tq. Notice that assumption (3.1) implies (3.3) when R > \Jt. Hence we may assume 
that R < \Jt. Let h = fij(^ and K = RiRj. Denote 



ei(a:,-t) 



-1 

i-t 



i-t 



\s\ exp 



s exp 



s ^ exp 



\x — x\ 



A{^t-s) 



As 



h{x, s) dx ds 
h{x, ~t — s) dx ds, 



As 



Kh(x, — i — s) dx ds. 



We can bound v{x, — t) pointwiscly by J2i j k \^k{x, —t)\. Thus it suffices to show J2 \^k{xo,t)\ < CR ^^^^t 
We shall only bound ^2 since the bound for ^1 is identical. For xo fixed, let 



g{x,s) = exp 



1-^0 - xf^ 
As 



'3/2 



Since K is symmetric, we have 



£,2ixo,—t)= / s / dx [Kg)[x,s)h(x,—t ~ s) ds. 



Let hiix^a) ~ l(r > R)h(x,a) and h2{x,a) — l(r < R)h{x,a). Then we have 

1 i/p 



dx {Kg){x, s)hi {x, —t — s) < 



dx{KgY [x, s)\x — xol^ 



dxh\{x,—t — s)\x ~ X{)\ ' 



Recall is an weight in M" provided that 

—n < a < n(j) — 1). 

Thus for 



we have 



dx{Kg)P{x,s)\x~xo\P 



i/p 



< 



< p < 3p - 3, 



dxgP{x, s)\x — xq\p 



i/p 



< |s|-l+3/(2p) = |s|-3/(29) + l/2_ 
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Since hi is supported in r > i?, we have for 

(3-2e)g>3, q>l, 

the following inequality: 



1/9 



< r 



r>R 



dxhKx, ~-t ~ s)\x — xq\ 
where we have used (3.1) in the first inequality. Thus we have 



X -Xo\ 



1/9 



<^ ^— e j^— 3+2e+3/(j 



3+2e 



'^2\ 3/(2?) 



Therefore, we have 



J J dx {Kg) {x, s) hi {x, -t -s)ds< Ct-'R-^+^' J dsi^^j < Cr'R-^^-^' 

provided that 

3/(2(7) < 1, (3-2e)(7>3, g > 1, 0<p<3p-3. 
For any < e < 1/2 fixed, we can solve the last condition by 

9= (3/2)+. 

Similarly, 

pi p pi /d2\ 3/(29) 

J s-^'^ j dx{Kg){x,s)hi{x,-t-s)ds<Ct-'R-^+^' j ds\^j < Cr' R-'^^-^'^ 

provided that 

3/(2(7) > 1, (3-2e)(7>3, g > 1, 0<p<3p-3. 
For any < e < 1/2 fixed, we can solve the last condition by 

(7 =(3/2)-. 



For any to > and a, h dual we have 



dx {Kg){x, s)h2{x, s) < 



dx{KgY{x, s)\x — xq\ 



l/a 



dxh\{x^ —t — s)\x — xq\~ 



ih 



If 



ma < 3a — 3, 



then \x\^°' is an Aa weight. Thus we have 



dx{KgY(x,s)\x-XQ\'^'' 



l/a 



< 



dxg"'{x, s)\x ~ xqI' 



l/a 



< g-3/(2&)+m/2_ 
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We can estimate the last integral by 

dxhl{x,~t - s)\x - xq\-'''^ <t-^'' / dxr-'^''-^'^^l{r < R)\x - xo\-"'^ 



where the equality is due to scaling and we have assumed that 

(l-e)6<l, l<m6<3. 

Therefore, we have 

3/(26)-m/2+l/2 



j s-^l^ j dx{Kg){x,s)h2{x,-t- s)ds <Ct-'R-^'^-^'^ j ( — ) 



< cr^R'^^-^^^ 



provided that 

3 

b> , (1-£)6<1, l<mfe<3, ma < 3a -3. (3.11) 

m + 1 

Since a and h are dual, the last condition is equivalent to m < 3/6, which is part of the third condition. It 
is easy to check that the following condition implies (3.11) 

1/2 <m, -^—-<b<—, b<-^. (3.12) 
' TO+1 m 1-e ^ ' 

For any < e < 1/2 fixed, we can solve the last condition by 

6=^^ /z, m = 3 — 3£, (3.13) 

for jjL small enough. 
Similarly, we have 



fl p fl / n2\ 3/(2h)-m/2+l/2 

j s-^/'^ j dx{Kg){x,s)h2{x,^t^ s)ds<Ct-'R-^^-'^'^ j <^s[^\ < Ct-' R-^^-^''\ 

3 

b< , (1-£)6<1, l<m6<3, ma < 3a -3. (3.14) 

m + 1 

It is easy to check that the following condition implies (3.14) 

13 1 

— <b< -, b<- . (3.15) 

TO TO+1 1 — £ 

This equation has a solution provided that there is an m solving the equation 

1 - £ < m < 2 - 3£. 

This is clearly so for any < £ < 1/2 fixed. Wc have thus proved the Lemma. q 
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We now conclude the proof of Lemma 3.2. Let 7 = and denote Q\ = i?i(0) x (—1, —t). For any 
{xo,t) S Qr, Q2-f{xo,t) C Qi±r s-nd hence u satisfies the homogeneous Stokes system in Q2-yixQ,t). By 
(3.5), assumption (3.1) and Lemma 3.3, we have 

l|Vu||L-L4(Q^(xo,t)) < 4u\\LrLliQ2-,ixo.t)) < c\MLrLl{Q[) + c||w||l~L1 (Q* ) < ct''/^ + ct"^ < ct"''. 

By the Sobolev inequahty, 

\\u\\L^L^(Q-,{xo,t)) < c\\'^u\\L^'Li{Q.,{xo,t)) + c|l uH L~Li (Qs^ (xo,t)) < rf"^ 

Together with (3.6), wc have thus proved Lemma 3.2. □ 

4 Local Maximum Estimate 

In sections 2 and 3 we have proved the bound (1.5) under both assumptions (1.2) and (1.3) with e > 0. Our 
goal in the remaining sections 4, 5, and 6 is to show that the proof in the paper [3] can be extended in this 
case. This section proves local maximum estimates assuming (1.5). These estimates will be used to obtain 
Holder continuity of rvg in section 5 and to bound fl = LOg/r of the limit solution in section 6. 
Suppose u is the smooth function satisfying 



dfU — L*u = 0, 



A 



-dr-b- V, 



(4.1) 



We now derive parabolic De Giorgi type energy estimates for this equation under the assumption 

\b\<ar-^+^'\t\-'. (4.2) 

Above C* > is an absolute constant which is allowed to be large, above e > is sufficiently small. 

Consider a test function < Ci {x, t) < 1 defined on Qi for which Ci = on dBi x [— 1^, 0] and ^1 = 1 on Qo- 
for < (T < 1. Suppose that Ci(^i ~1) = 0. Now consider the rescaled test function Ci^jt) = Cii^/Rjt/R^) 
on Qfl. Define {u)± = max{±M, 0} for a scalar function u. Multiply (4.1) by p{u ~ A:)5r^C^ for 1 < P < 2 
and fc > to obtain 



4(p-l) 



P 



dt' 
i?2 JB, 



dt' 

_R2 JB, 



dx(u-fc)^±(C§ + |VCp + ^ 



dx\\/{{u~krj\)\' 



^CAC-2C^ + 6-CVC 

r 



dt' 



i?2 



dz (^{u-k)\ 



r=0 



Notice that the last term is negative. 

Let v± = {u — k)j/^. To estimate the term involving b we use Young's inequality 



vlbC • VC < (5 



R 



-l+a 



1 + a 



R3 



vie 



i?2 



1 + Q 



Cs 



Q,i?-2+(l+a)/" 

1 + a 



vie 



t 



|VCI 



(1+q)/q 
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This holds for small (5 > and a > to be chosen. Further choose C to decay like (1 — \x\/R)'^ near the 
boundary of Bji. If n is large enough (depending on a) we have 



),i?-2+(l+a)/a 



vie 



R^y |vci 



t 



-, {l+a)/a 



C 



1 + a 

We also use the Holder and Sobolev inequalities to obtain 

l + Q 



-l+a 



1 + a 



vie 



t 



<SC [ |V(z;±C)P 



t 

i?2 



R^ 



2 \ e(l+a)/a 



(l+a)3/2^ 



2/3 



|v(i'±C)l' 



For b satisfies (4.2), there is an a small enough so that the last inequality holds. We conclude that 

2 \ e{l+a)/a 



[ vlbc-vc<sc[ \ViviO\' + CR-' [ 

JK3 JR3 JBr \ ^ 



(4.3) 



We have drC/r — dpC/p since C is radial; so that the singularity 1/p is effectively l/R. We thus have 



sup 

-a^R^<t<0JB„RX{t} 



< 



a. 



{l-aYR^jQ^\ t 



2\ e(l+a)/a 



(4.4) 



l("-fc)±l^ 



Our goal will be to establish to bounds for functions in this energy class. 

The estimates in this section will be proven for a general function u = satisfying (4.4): 

Lemma 4.1 Suppose u satisfies (4.4) for 1 < p < 2 with e > sufficiently small. Then for < R < 1 we 
have the estimate 

i/p 



sup u±<C{p,C,) f |^^|p 

Qr/2 \ JQr 



Proof. For A' > to be determined and TV a positive integer we define 



Cat 



"TV 



= (1 T 2-^^)if, i?Ar = (1 + 2-^^)i?/2, pN 
Rn+1 < Rn = {Rn + Rn+i)/2 < Rn- 



R 



2JV+3 ' 



Notice that 



Rn~Rn = {Rn - Rn+i)/2 = (2-^^ - 2-^-i)i?/4 = p^. 



Define Qn ~ Q{Rn) and Qjv — QiRN) C Qn- Choose a smooth test function Cjv satisfying Ctv = 1 on Q^r, 
= outside Qn and vanishing on it's spatial boundary, < < 1 and IVCtvI < Pn^ in Qn- Further let 



A^iN) ^{XgQn: ±iu - kN+i){X) > 0}. 
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And An^± = \A^{N)\. Let v± = Cw(w - k^+iTj^. 



Let 7 be a positive constant (to be chosen) such that 7 — 1 > is very smalL Holder's inequality yields 

/ i(w-w)±r< / \v±\' 



< 



\v± 



|2(n+2)/(n7) 



n7/(n+2) 



A 



(2+n(l--7))/(n+2) 
N.± 



We will use the following Sobolev inequality which holds for functions vanishing on dBji: 

\ 2/n 



|y|2(„+2)/„ < fj^^^ 



-R^<t<QJBRX{t} 



Qr 



See [9, Theorem 6.11, p. 112]. Above and below n is the spatial dimension, so that n = 3. 
Since v± vanishes on the spatial boundary of Q^r we have 



v± 



2(n+2)/(n7) 



n7/(n+2) 



< c 



sup 



< 

2/(n+2) 



\V± 



|2/7 



We use Young's inequality to bound this above by 



|„_^|2("+2)/(n7)^ 



n7/(n+2) 



n/{n+2) 



< c 



sup 



\v±\'"''+l |V(«±) 

{*} JQm 



1/7,2 



From (4.4) the above is bounded as 
< C 



sup 

-Rl,<t<OJB 



(RN)x{t} Jqn ) Pn JQn 



-\ 7 



u - fcjv+i)±| 



p/7 



< 



C 



Pn JQn 



i?2 



2 \ £{l+a)/a' 



(it - fcAr+i)±| 



p/7 



c 



Pn Jq 



C 



Pn 



1 + 1^ 



2\ e(l+a)/Ql'3' 



7//3 



Above P is the dual exponent of 7, i.e. ^ + ^ = 1. For the upper bound above to be finite we require that 
£ < a/[f3{l + a)]. Since /3 > 1 we have 



1 + 1^ 



2x e(l+a)/a-|'9 



< c 



<CR%. 
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From here our next upper bound is 

Further assume > "^^/q(^) I^±I^- Now define 

Yn = K-pR-"-^ [ \{u-kN)±\P. 

Jqn 

Since are increasing for + or decreasing for — and Qn are decreasing, is decreasing. 
Chebyshev's incquahty tcUs us that 

An,± = \{Qn ■■ ±(u-fc±^i) > 0}| = \{Qn ■■ ±{u-k^) > ±{k%^^ - fc^)}| 

= \{Qn: ±{u - kN) > K/2^+^}\ < 2P^^+^^ K"+^Yn. 

Putting all of this together yields 

/ \{u-kN+l)±f<( |„±|2(n+2)/("7)j ^(2+„(l-7))/(«+2) 

/ 1 /" \ . , / \ (2+n(l-7))/(n+2) 

\Pn Jqn / ^ ^ 

We have just used R < 1. Also the exponent is given by 

_ [2 + n(l-7)]p ^27 
n + 2 ^ /3 

We have thus shown 

Ym+1 < C(a,n)2^^y^+(2+"(^-^»/("+^). 

We now choose 7 > 1 such that the exponent of Yn is larger than one: 2 + n{l — 7) > 0. 

One can check that if k is large enough, then the following identity will be preserved by (4.5): 

We are still free to choose K large enough such that the following initial condition holds: Yi < 2^'*. 



5 Holder Continuity 

In this section we prove Holder continuity of the function F = rvg at t = under the assumption 
Earlier than t = 0, the function F is smooth. Additionally F satisfies 

?:-LF = 0, L^A-'-l-b-W. 
at r or 
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Notice that r(r = 0,t) =0 for all — 1 < i < 0. One can check, using this condition, that both (4.4) and 
Lemma 4.1 hold. Together with (4.2) we then have 



sup \\T{t)\\L^^Bn) <C <00. 
-l<t<0 

Our argument makes use Nash's fundamental idea for a lower bound (Lemma 5.2). We consider this inter- 
esting in particular because the lower bound is obtained for a solution directly rather than the usual lower 
bound for a fundamental solution. 

5.1 Preliminary Bounds 

Let X = {x,t). Define the modified parabolic cylinder at the origin 

Q{R, t)^{X : \x\ < R, -tR^ < i < 0}. 
Here i? > and r G (0, 1]. We sometimes for brevity write Qr ~ Q[R) = Q{R, 1)- Let 

TO2 = inf r, M2 = sup r, M = A/2 - m2 > 0. 

Q{2R) 

Notice that m2 < < A/2 since r|r=o = 0. 
Define 

/ 2(r- 

\ 2(A/2 

In either case 

0<u{x,t) <2, a = u\r=o>l, (5.3) 

and u solves the equation (5.1). 

Since now u is nonnegative, we can make u positive by adding arbitrary small constant to u. This part 
of argument is standard and from now on we assume that u > 0. 



Q{2R) 



■m2)/M if - 7712 > A/2, 

-r)/A/ else. ^ ' ' 



5.2 Lower bound on ||ti||p 

Our goal in this section is to prove that there is a lower bound on u with a more general assumption than 
that was used in our previous paper [3]. The bound that we prove in this section will serve as an input for 
Nash's argument as we shall describe it later on. Actually, we only need a lower bound on for some 
<p < 1. 

Consider the following probability measure on Qr 

duj = R-^dtR~^dx. (5.4) 

Define the norm 




We will sometimes write L^iuj) = LF^^iuj). Our main result in this section is the following 
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Lemma 5.1 Suppose u solves (5.1) and satisfies condition (5.3). Assume that for some small (3 > I we 
have 

(5.5) 



Then for arbitrary p e (0, 1) the following holds: 



« < C\\u\\lil^ 



(5.6) 



Above a is the dual exponent to (3. 



Notice that for 6 satisfying (4.2) with any < e < 1/2 fixed, there is a such that the condition (5.5) is 
satisfied. The following proof is a small modification of the proof in [3] . 

Proof. Wc test the equation with pu^^^Q^ for < p < 1 and ^ > to have 

6 
J=2 



where 



Q{R) 



dt 



Q(R) 



dt 



puP-\^{-Au) 



_4(p-l) 



Q{R) 



P Jq(R) 

IvP 

QiR) 



h + h, 



[ puP-\^b-\/u = - [ 2wP6-CVC = /5, 
■J QiR) -^QiR) 



Q{R) 



puP-^C^-drU = 
r 



QiR) 



iuPCCp/p- / dt / dz2{euP)\r=o 



fl2 



For arbitrary p G (0, 1), we see that I3 and Ij are both non-positive. 

Recall p = \x\. We choose C = Ci(p)C2(0 where Ci(p) = 1 in and Ci(p) has compact support in Br; 

also (2{t) = 1 if t e (— — |i?^) and C2(i) has compact support in (— i?^,0). Thus /i = and we have 

6 



i=2 



Clearly, 



C 



i?2 



C 



Q{R) 



i?2 



Q(R) 



For any dual a, (3, we now bound 1^ 



h\<R'R-'\\b\\^.r.,.,J\uP\\^ 
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We thus have for any a > 3 



Iq{r) ^ ' 



i?5 



Since p is arbitrary positive number less than one, this proves the Lemma. Notice that we only use I3 < 
in this case. 



□ 



5.3 Nash inequality 



In this section we prove a Nash inequality. We shall need this inequality in the next section when we prove 
a Nash lower bound estimate. 

Consider a function /, which satisfies the bounds < / < il/ for some M > 1. Let /i be a probability 
measure. Now consider the average 

a = / log / dfi. 



< II5II2. (5.7) 



And define g = log / — a. We have the following inequality 



a - log / fdf^ 



M 

Above we are using the following definition 

i/p 



\\g\\p := i^J \g\P dp^ 

In the rest of this section we will give a short proof. 
Proof. For < /3 < 1 we have 

c^.fogy ^^^^^^ ^^^^^ _ ij^^ii^ _ ij^^ii^ . 

Additionally, since / is bounded, we have 



We conclude 



d,lo^je^^d,<^Ml 



This is all we need. Now integrate the above with respect to (3 from to 1 to obtain 

los./e.d, = ,og//..-a<a*. 

Hence we have (5.7). □ 
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5.4 Nash's lower bound 

Consider solutions u to the equation (5.1) which satisfy (5.3). Let v = — log it. Then v solves the equation 

2 

dtv = Av drv ~ (b ■ S/)v - (Vw)^. 

r 

We will show that solutions to this equation satisfy one of the fundamental inequalities in the work of Nash. 
First we define ri{x) to be smooth and radial with = 1 on -B1/2 a-nd support in Bi. We rescale 

mi^) = r,(x-/i?)i?-3/2_ 
Further suppose that rfdx = 1. Now we may define the weighted spaces 

WfWUnn) - I I/I' ^^Idx. 

Now we may state the following lemma. 

Lemma 5.2 Suppose that for some Q < q < 1 we have 

\mU.^,^)<CR'^+^\s\~'''\ (5.8) 

Then there is a 6 > such that 

- I logu{x,t) T]%dx < C, for -SR^ <t<0. (5.9) 

Notice that this implies the key step, equation (3.9) in [3], and thus proves the Holder continuity. In fact, 
since (5.9) holds for every time, it is stronger than (3.9) which involves time integration. Further we remark 
that (4.2) is enough to ensure (5.8) with q = 2e whenever e > 0. 

Proof. We first rescale by a factor R for x and R^ for t. We define w/?(a;, t) = v{Rx, R^t), which satisfies 

2 du 

dsVR = AvR (RbR ■ y)vR - (VvRf. 

Above bR{x, t) ~ b{Rx, R^t). Our goal is now to prove that 

- I VR rj^dx <C, for - (5 < t < 0. (5.10) 

The rescaled version of the assumption on b becomes 

\\RbR{;s)\\mr,)<C\s\-'^^\ (5.11) 
Since we will only use (5.11), we shall drop all R in the subscript from now on and set R = 1. We have 

/ dsvrfdx= I \Av~-drV-{b-V)v\ ifdx- [ {S/vfifdx. 
Jr3 Jm.3 [ r ) Jr3 

We will estimate the terms in parenthesis. 
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For the first term we use the Cauchy-Schwartz inequahty 

[ Avifdx^~2[ Vw • V77 Tydx < i /" | Vwp Ty^da; + 8 / \\7t]\'^ dx. 

Next let 

V := v{s, x) — {v){s), (u)(s) := / v{s, x) rj'^dx. 
We now consider the middle term inside the parenthesis. Integrating by parts, we have 



-dj-v rj^dx 



-drV rf'dx 



2v 1] dz 



+ / -vdrT] dx 
r=0 ./in.3 r 



<C - C{v){s) + 4 / r]dx. 



We have just used 
2v rf'dz 



< / 2v(t,z,r = 0) Tj^{z,r = 0)dz <C -C{v){s). 



2v rf'dz 



We remark that the constant is u(t, z, r = 0) = a > 1. Furthermore, 

4 ! ,7dx-<4||i;||i.(,)||a,7]A|U2(B^) <C+i||Vz;||i.(^). 



Here we used the spectral gap estimate 



/ jVwp rfdx > c rfdx. 



Finally we consider the last term in parenthesis. We use the Cauchy-Schwartz inequality together with (5.11) 
to obtain 



1, 



1 



R3 



(6 • V)« ri'dx < ||6|U2(,)||Vt'|U.(,) < 4||6||i.(„) + -\\^v\\h^,,^ < C\s\-^ + -\\Wv\ 



Combining the inequalities in this paragraph we have 

/ I Aw - -drV - (6 • V)v\ rfdx - \ ( (Vvf ifdx < C(l + Isr* - {v)(s)). 



Thus there is a constant C such that 



d,v{s) r^^dx < C(l + |sr« - {v){s)) - - / \Vv\' r]^dx 



We will use this inequality to prove the lemma. 

We plug the Nash inequality (5.7) with M = 2 into the inequality above (also using the spectral gap 
estimate) to obtain 



dM{s)<C{l + \s\-^-{v){s)) 



c\H^)\\Ih,) 



AP 



{v){s) +\og\\u{s)\\LH^ri)\ 



(5.12) 
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This differential inequality will now be manipulated into a form which wc find useful. For some k > 0, (5.6) 
lets us conclude 

M\lhq,,,) > «• (5.13) 
Let X be the characteristic function of the non-empty set 

W:^{s:\\u{s)U.iB,,,)>^/m- 
Since u is bounded above by a constant M, it follows from (5.13) that 

\W\ > (5.14) 
I I - lOM ^ ' 

Hence for some 0{1) constants C > 1 and 7 > we have 

5.(^;)(5)<C(l + |5r«-(^,)(s))-Cx(5)||^^(s)||i,(,J(^;)(s)+logh(s)|Ul(„)|' 

< C{1 + |sr^ - {v){s)) - ixis)\{v)is) + log h(s)|Ui(,)|'. (5.15) 
Notice that, since q < I, this inequality implies for S2 > si that 

(v){s2) < e^l*i-^^l(w)(si) + Ce^l^=l. 

Therefore we may assume that 

(w)(s) > 4|log(10/K)| +4C(1 + |.s|-«), for all - 1 < s < -K/(20Af). (5.16) 

Since, otherwise, we would have {v){s) < Ci for some sq in that range and then for all times later on. This 
would prove the Lemma. 

Under assumption (5.16), we have for — 1 < s < — K/(20Af) and some positive constant Ci that 

ds{v){s)<-C,x{s){v){sf. (5.17) 

Divide both sides by {v){s)'^ and integrate the inequality from —1 tot. We have for t = ^^"^ following 

(«)(-l)-i - {v){t)-^ < - f CMs)ds < -C2. (5.18) 



Notice that the range of t and (5.14) guarantee that C2 > 0. Since by assumption (5.16), (w)(— 1) > 0, this 
proves (5.9) at time t = and hence all the time later on. q 

5.5 Proof of Holder continuity 

From Lemma 5.2, there is a < r < 1 such that for any e > there is an S so that 

\{X e 0(i?,T) : u{X) < 5}\ < e\Q{R,T)\, (5.19) 

Let U — S — u, where S is the constant from (5.19). U is clearly a solution of (5.1) and U\r=o = S — a < 0. 
So we can apply Lemma 4.1 to conclude 

sup (<5-i.)< / \iS~u)+A . (5.20) 

Q(rf/2) jQ{d) ) 
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Let d = so that Q{d) C Q{R,t). By (5.20) and (5.19), 

\ 1/2 



5 — inf u < I / \(S — u 

Q{d) 



i+|2 



Q{d/2) \\Q{d)\ 

\ \Qid)\ 

which is less than | if e is chosen sufficiently small. We conclude 

inf u> —. 

Q{d/2) 2 



This is the lower bound we seek. 
We define 



mrf = inf r, Md = sup T. 

Q(d/2) 



Then from (5.2) we have 

\ 2{md-m2)/M if - > M2, 
Q(d/2) y 2(M2 - Md)/M else, 

Notice that both expressions above are non-negative in any case; thus we can add them together to observe 
that 

^<^{M-osc(r,d/2)}. 
Here osc(r, d/2) = Md — md and osc(r, 2i?) = M2 — m2 = M. We rearrange the above 

osc(r,d/2) < ^1 - osc(r,2i?). 

This is enough to produce the desired Holder continuity via the standard argument. 



6 Proof of main theorem 

In this section we prove Theorem 1.1 under the assumption (1.5). It is similar to [3] section 2, which assumes 
a stronger assumption \v\ < Ct,{r^ — i)~^/^. First we show that our solutions, which satisfy (1.5), are in fact 
suitable weak solutions. Recall that a pair of suitable weak solution (w,p) satisfy 

veL^LliQ), peL^'^-{Q). (6.1) 

and the local energy inequality. 

Fix /3 e (1,5/3). For t G (-To,0), we have by (1.5) 

\v{x,t)\^ , f 1 C^rdrdz 
: — dx < 



R3 \xf (r2 -f)2-8£^8£|i|4e' 



c I '^*^^'^ - cc iir(i+'3)/2 
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where we have used the scahng and /? — 1 + Se < 2 so that it is integrable. Define Ri's to be the Riesz 
transforms: i?, = f'^ . We consider the singular integral 



p{x,t) ^ j '^d,dj{viVj){y)—^——dy = ^RiRj{viVj). 

Since la;!"*^ is a A2 weight function, we have 

^\p{x,t)fdx <c f -l-\v{x,t)\Ux<c + c\t\~'-^+^^^^. (6.2) 



With this estimate, the same argument as in [3] proves that p{x,t) = p(x,t) for all x and for almost every 
t. Moreover, from (6.2) and (3 < 5/3 wo conclude that 

J \p{x,t)\^/'^ dxdt < c J (^j |^|p(x,t)pdx^ dt<C. (6.3) 

Since e is arbitrarily small, the pointwise estimate (1.5) on v implies 

v&LlLl{Q,), \ + \>\, <1<\- (6.4) 

We will use {s,q) = (3,3). Thus the vector product of (N-S) with uip for any (p £ C^{Qi) is integrable in 
Qi and we can integrate by parts to get 

iVviV- / {l«l'(5t¥' + A(/?) + (|wp + 2p)«-V(^}, yipeC^iQ), ^>0. (6.5) 
Q JQ 

For any R £ (0, 1) and S {—R^, 0), we can further choose a sequence of which converges a.e. in Qn 
to the Heviside function i?(io ~ t)- Since the limit of df ip is the negative delta function in t, this gives us the 
estimate 

esssup / \v{x,t)\^dx+ [ \Vv\^<Cr[ (|w|^ + |pp/'). (6.6) 

-R?<t<aJ Br JQr JQi 

These estimates show that {v,p) is a suitable weak solution of (N-S) in Qn. Note that these bounds depend 

on C* of (1.5) only, not on |b||L5/3(K3x(-To,o))- 

To prove Theorem 1.1, it suffices to show that every point on the z-axis is regular. Suppose now a point 
= (0,0, X3) on the z-axis is a singular point of v. Without loss of generality, we assume that X3 = 0. 

We will use the following regularity criterion, a variant of the criterion in [1] and proven in [13], to obtain a 

contradiction. 

Lemma 6.1 Suppose that {v,p) is a suitable weak solution of (N-S) in Q(Xq,1). Then there exists an 
£1 > so that Xq is a regular point if 

limsup-4 / \v\^ < £i- (6.7) 

fliO ^ JQ{Xo,R) 
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Let {v^,p^) be the rescaled solutions of (N-S) defined by 

v^{x, t) = \v{\x, X^t), /(x, t) = X^p{Xx, X^t). (6.8) 
For {v^,p^) with < A < 1, the pointwise estimate (1.5) is preserved: 

\v^{x,t)\ < a(r2-i)'l/2+2s|^|-s^-2e^ ^ ^3 X (_Tq^O). 

Fix > 0. Since we assume x^ is a singular point, by Lemma 6.1 there is a sequence Afe, A; € N, so that 

A/j ^ as fc — > oo and 

— / Iv^"]^ = / \vf > ei. (6.9) 

We will derive a contradiction to this statement. 

Since {v^^p^) satisfies the pointwise estimate (1.5), we have G L'^{Qi) for q G (1,4). Moreover, the 
same argument as above provides the uniform bounds for R < 1: 

esssup [ \v^{x,t)\^dx+ [ |Vv^p < c / \v^\^ + \p^\^/^ < C. (6.10) 

Following the same argument in section 2.3 and section 2.4 of [3], we conclude from these estimates that there 
is a subsequence of [v'^^ , p^'' ) , still denoted by (u'^'= , p^'' ) , weakly converges to some suitable weak solution 
{v,p) of the Navier-Stokes equations in (3_r and 

strongly in L''{Qb) for aU 1 < q < 4 and < i? < 1. 

Now the Holder continuity of F = rvg at t = proven in Section 5 implies 

|we|<CA"->0 as AiO 

for some a > 0. Thus the limit v has no-swirl, ve = 0. 

Let cZ; = V X w be the vorticity of v and = dzVr — drVz be the component of uj. The function 
Q. = ujg/r solves 

dt+h-W - A--dr]^^Q, (6.11) 



where = is used and h — Vr^r + v^Gz — v. 

Since v is the limit of v^'' , it satisfies (1.5) and also satisfies (6.4). Following the argument of section 2.4 
in [3], we conclude from (6.4) and the estimates for the Stokes system that 

Hence f2 has the bound 

l|f^lL-/..(g,,,) < |iV«||^v.^v.(Q^^^)||l/r||^^.^.o/.(^^^^, < C. (6.12) 

Since 6 satisfies (1.5), it also satisfies (4.2). We conclude from the local maximum estimate Lemma 4.1 
and (6.12) that 

^ e i°°(Q5/i6). 
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Furthermore we know that curlw = ujgeg S -^""(Qs/ie) from the above estimate on fl since ve = 0. Now we 
can apply the div-curl estimate 

||V^-+iz;|U,(B^^) < cljV'^ divv\\L,^Bn,) + c|| curli;||i,(B„j + c||v|Ui(b^j, 

to obtain L°° estimate for v. Since divu = and v E Lf L\{Qr^/i(,) by (1.5), we thus conclude Vw G 
L^L!^((5i/4) by taking g = 4 and fc = in the div-curl estimate. By the Sobolev embedding, we have 
L°°(gi/4). 

Now we can deduce regularity of the original solution from the regularity of the limit solution. We have 
shown that 

\v{x,t)\<Cl in Qi/4. 

Above CI depends upon C* but not on the subsequence Afe. Since the constant can be tracked, we may 
initially choose i?* sufficiently small to guarantee that 

where £i is the small constant in Lemma 6.1. Since v^'' — > v strongly in ^ for k sufficiently large we have 
But this is a contradiction to (6.9). We have proved Theorem 1.1. 

Appendix: The case £ = 

In this appendix we prove Theorem 1.1 under the assumption |w(x,<)| < C*r~^, the e = case. The 
argument in this appendix was obtained after a preprint of [12] appeared. Note that this argument docs not 
take scaling limits and all bounds are computable. 

Let M be the maximum of up to a fixed time ti. We will derive an upper bound of M in terms of C* 
and independent of ti. We may assume M > 1. Define 

v^''{X,T) = M~^v{X/M,T/M^), X = {Xi,X2,Z). 

For X = {xi,X2, z) and X = {Xi,X2, Z), let r = {xl + x\fl'^ and R = [Xl + Xlfl"^. We have the following 
estimates for all r and R for time t < ti and T < M^^i: 

\v{x,t)\<C/r, \v''{X,T)\<C/R, |VV^| < C^. (A.l) 

The last inequality follows from ||u^^|jioo < 1 for t < ti and the regularity theorem of Navier-Stokes equations. 
Its angular component (we omit the time dependence below) Vg^R, Z) satisfies Vg\0, Z) = = dzVg^ {0, Z) 
for all Z. By mean value theorem and (A.l), \v^' (R, Z)\ < CR and \dzv^'{R, Z)\ < CR for R < I. Together 
with (A.l) for i? > 1, we get 

14^1 < Cmin(i?,i?-i), < Cmin(i?, 1), for i? > 0. 
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By [3, Theorem 3.1], under the assumption |u(a;,i)| < C^r~^, T = rve satisfies |r(r,2,t)| < Cr" when r is 
small, uniformly in r and t, for some C and small a > depending on C*. Thus, \vg^{R, Z)\ < CR^^^^M^" 
for R> 0. From these estimates we have 



\dziv^'y{R)\ ^ Cmm{R, i^-^+^M'") ■ min(i?, 1) ^ 



C 



(A.2) 



Consider now the angular component of the rescaled vorticity. Recall fl = LUg/r. Let 

/ = n'^'{X,T) = n{X/M,T/M^)M-^ = LJ^''{X,T)/R. 

Since uig^ and Vw^^ are bounded by (A.l) and ujg^\ji-Q = 0, we have |/| < C(l + R)^^. From the equation 
of Lug (see (2.7)), we have 

{dT^L)f = g, L = A + |afl-5*^.Vx, 

where g = R-'^dz{v^'f and b^' = v^^en. + v^'ez- Let P{T, X; S, Y) be the evolution kernel for dx - L. By 
Duhamel's formula 

f{X, T) = j P{T, X- S, Y)f{Y, S)dY + J P{T, X- r, r).g(r, T)dYdT =: / + //. 

By Carlen and Loss [4], in particular its equation (2.5), the kernel P satisfies P > 0, J P{T, X; S, Y)dY = 1 
and, using ||&^-'^||oo < 1, 



P{T,X;S,Y) < C{T-S) 



-'i/2~h(\X~Y\,T-S) 



T. 



, hia,T)^C-{l~-)i 



Using e-'^("'^) < Ce-<='"/^ we get for X = (Xi, X2, X3) and Y = (^1,^2,1^3) 



P{T,X;S,Y) < C{T-S) 



-3/2 -C\X3-Y,\/(T-S) 



(A.3) 



Here we only assert the spatial decay in the ^"3 direction so that the proof of [4]. where the term R ^Or in 
L is not present, needs no revision. With these bounds and Holder inequality we get 



and 



PiT,X;S,Y)\f{Y,S)fdY 



< 



c{T-sy 



^ i^3-y"3 RdR 



[i + py 



■dZ 



<C{T~Sy^/^, (A.4) 



(T - T)"^/2g-c^j^ 



RdR 



R^-°'M°' + 1 



dZdr < C(r- 5)1/2M-2"/3. 



(A.5) 



Combining these two estimates and choosing 5* = T—AI" > —TqAP (hence / is defined), we have \ f{X, T)\ < 
CM-""'^. Thus 



\ujg{x,t)\ < \Lj^'\rM,zM,tM^)\M^ < \ fl'^\rM, zM,tM^)\M^rM < CM^^^'^r. 
Therefore, we have 



\uJe{x,t)\ < CM2-"/12, forr < M-^+ 



-I+q/12 



(A.6) 
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Let b = VrCr + VzCz and Bp{xo) = {x : \x — xo\ < p}. By (2.20) and (2.9), b satisfies —Ah ~ cnrl{ujgeg), 
and hence the following estimate with p > 1 (see e.g., [7], Theorem 8.17) 

sup \b\<C{p~i\\b\\LPi^B2p(xo)}+ P sup |we|). (A.7) 



Let p = j.^ g {(j,^ 9,z) : r < p} and 1 < p < 2. By the assumption < C/ 



z p 

This together with (A.6), (A.7) and the fact \ve\ = M\v^'\ < A/Cmin(i?, i?-i+"A/-") imply 

|f(a;,t)| < CA/i-"/24^ for r < A/-i+"/24. (A.8) 

On the other hand, the assumption < C/r implies < CA/^^"/^"^ for r > A/^^+"/^^. Since M is the 
maximum of v, this gives an upper bound for A/. q 
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